BEURLING-FOURIER ALGEBRAS ON COMPACT 
GROUPS: SPECTRAL THEORY 



JEAN LUDWIG, NICO SPRONK AND LYUDMILA TUROWSKA 

Abstract. For a compact group G we define the Beurling-Fourier al- 
gebra A W (G) on G for weights uj : G — > R >0 . The classical Fourier 
algebra corresponds to the case ui is the constant weight 1. We study 
the Gelfand spectrum of the algebra realizing it as a subset of the com- 
plexification Gc defined by McKennon and Cartwright and McMullen. 
In many cases, such as for polynomial weights, the spectrum is simply 
G. We discuss the questions when the algebra A U [G) is symmetric and 
regular. We also obtain various results concerning spectral synthesis for 
A U (G). 



1. Introduction 

Let G be a compact abelian group with discrete dual group G. A weight 
is a function uj : G — > IR >0 for which uj(ut) < w(cx)u;(t) for a, r in G. Given 
such an uj, the Beurling algebra on G is given by 



{f(v)) ae Q C C : £ \f(a)\u(cr) < oo 



and is easily verified to be a commutative Banach algebra under convolution. 
We say uj is bounded if inf gw(cr) > 0. In this case ^(G) is a subalgebra 

of the group algebra I 1 (G) . In particular we can apply the Fourier transform 
to obtain an algebra A UJ (G) of continuous functions on G. Beurling algebras 
been studied by several people, e.g. Domar [3], Reiter [2Tj. If oj = 1 we get 
the classical Fourier algebra A(G), i.e. the space of transforms of 

For any locally compact group G the Fourier algebra was defined by Ey- 
mard [5] as the algebra of matrix coefficients of the left regular represen- 
tation. In the case that G is compact it is well-known that A(G) can be 
identified with the space of operator fields indexed over the set irreducible 
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representations: 



ttSG ttGG 



where C(T-L n ) is the space of linear operators on the Hilbertian representation 
space and 1 1 - 1 1 ^ is the trace norm. In light of the definition of Beurling 
algebras, above, it is natural to define a weight on G as a function oj : 
G — > M >0 which satisfies oj(a) < w(7r)w(7r / ), whenver a may be realised as a 
subrepresentation of 7r®7r'. Thus it is natural to define the Beurling-Fourier 
algebra A W (G) so it may be identified with the space of operator fields 



We show that this definition always provides a semi-simple commutative 
Banach algebra; moreover, when oj is bounded — i.e. inf g cj(tt) > - 
this is a subalgebra of the Fourier algebra. 

To describe the spectrum of A W {G) we require an abstract Lie theory 
which is built from Krein-Tanaka duality and was formalised separately by 
McKennon [T7] and Cartwright and McMullen [2] in the 70s. This Lie theory 
allowed to develop the complexification Gq even for non-Lie groups G. The 
Gelfand spectrum of A U (G) is shown to be a subset of Gc- In contrast to 
the Fourier algebra A{G) for which the spectrum is G, A W (G) can have a 
larger spectrum G w . Examples of such weights and groups G are given in 
Section^ We explore conditions for which G w = G. In Section U] we prove 
that for symmetric weights oj the equality holds if and only if the algebra 
A W (G) is symmetric. In Section[3]we define the notion of exponential growth 
for a weight oj and showed that G^ = G if oj is of non-exponential type. 
Examples of weights of non-exponential growth are polynomial ones defined 
in Section For such weights we could introduce a smooth functional 
calculus and use this to show that A UJ (G) is a regular algebra. This gives us 
a possibility to study the property of spectral synthesis. Adapting arguments 
from [19J on the Fourier algebra of compact Lie groups we prove that if E 
is a compact subset of a Lie group G, then E is a set of weak synthesis if it 
is of smooth synthesis. Moreover we give an estimate of the corresponding 
nilpotency degree in terms of the degree of the polynomial weight oj. As a 
consequence we obtain conditions for a one-point set to be a set of spectral 
synthesis for A W (G). Finally in the last subsection we study a connection 
between spectral synthesis and operator synthesis in the spirit of |23j. 

We note that Lee and Samei in [16J suggest a more general approach to 
the notion of weight on G. Their central weights for compact groups turn 
out to coincide with our notion of weight. However in their paper they 
mainly study the properties of operator amenability and Arens regularity. 
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2. An abstract Lie theory for compact groups 

In this section we remark on some consequences of the Krein-Tannaka 
duality theory for compact groups which allow us to define a "complexifica- 
tion" Gc for any compact group G. This object will be necessary for us to 
develop a description of the spectrum of general Beurling-Fourier algebras. 
The theory in this section was thoughourghly developed by McKennon |17j 
and Cartwright and McMullen [2j. We shall be requiring it to an extent that 
a summary is warranted. 

Let G be a compact group with dual object G, which, by mild abuse of 
notation, we treat as a set of unitary irreducible representations: ir : G — > 
U(H n ). We let d n = dim H^. For representations a, it of G, we will use the 
notation a C vr to denote that a is unitarily equivalent to a subrepresentation 

Of 71". 

We let Trig(G) denote the space of trigonometric polynomials, i.e. the 
span of matrix coefficients of elements of G, which is well-known to be an 
algebra of functions under pointwise operations. We note that Trig(G) = 
® n£ Q Trig 7r (G), where Trig 7r (G ! ) is the span of matrix coefficients of ir. For 
u in Trig(G), we let 

u(ir) = / u(s)n(s~ )ds 
Jg 

which may be understood to be an element of the space of linear operators 
C(T-L n ). We caution the reader that our notation differs from that in [TOj 
(28.34)]. We shall make an identification between two linear dual space 
Trig(G)T and the product Yi^cQ ^■(^■tt) y i a 

(2.1) (M^W) = ]TXTr(u(7r)7;). 

It follows from the orthogonality relations between matrix coefficients that 
for a matrix coefficient ^^^(s) = (iT(s)r],£) 

In the notation of (j2. If) . we will write for any T in Trig(G)^ and it G G 

(2.2) 7r(T) = in Ctfin)- 

In particular, we identify G, qua evaluation functionals on Trig(G), with 
{(7r(s)) 7rg g : s £ G}. Thus we gain the Fourier inversion 

(2.3) (u, s) = c?7rTr(u(7r)7r(s)) = u(s). 

ttGG 

Moreover, by |10| (30.5)], for example 

(2.4) G ~ {T G Trig(G) f : tt(T) G U{%^) for each vr in G}. 

We note that Trig(G)^ ~ 11^0 ^(%r) ^ as an ODV i° us product and involu- 
tion which respects the formulas n(TT') = ir(T)ir(T') and ir(T*) = ir(T)* for 
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7r in G and T,T' in Trig(G) T . Moreover the action of Trig(G)^ on Trig(G) 
given by T^(vr) = 7r(T)n(vr) for vr G G satisfies (T',T • u) = (T'T,u). We 
note that the involution satisfies (T*,u) = (T,u*), where u*(s) = u(s^ 1 ). 
With the notation above we define 

G c = \e G Trig(G) t : (9,uu) = (6,u) (9,u) for u,u' in Trig(G)} 

(2.5) = \0 G Trig(G) f : 9 • (uu) = {9 ■ u){9 • u ) for u, u in Trig(G)} 

0C = \x in Trig(G)t : UU '\ = ^ U 'S% + ^ «'> ) 
v ^ \ 6V ' for all u, u m Tng(G) J 

(2.6) -jXmTrrg(G) . fo r all U)U in Trig(G) 
and = {X G 0c : X* = -X} 



where the equivalent descriptions (|2.5p and (|2.6p . of Gc and gc respec- 
tively, can be checked by straightforward calculation. We observe that it 
is immediate from (|2.5p that Gc is closed under the product in Trig(G)t. 
It is a standard fact, see [lOl (30.26)] for example, that Gc is closed un- 
der inversion and hence a group. Moreover, from (|2.6p it is immediate 
that gc is a complex Lie algebra under the usual associative Lie bracket: 
[X, X'] = XX' — X'X. In particular g is a real Lie subalgebra. It is obvious 
that Trig(G)^ ~ n^gg ^C%r) ^ s closed under analytic functional calculus. 
Thus by standard calculation we find that for X in Trig(G)t, X G g c if and 
only if exp(tX) G Gc for each t in M; see [21 Prop. 3] (or see comment after 
(|2.10p ) for one direction, and differentiate t \-t exp(iX) ■ (uu 1 ) to see the 
other. Moreover, by further employing (|2.4p . we see for X in Trig(G)t that 
X G g if and only if exp(tX) G G for each t in R. 

We record some of the basic properties of the group Gc and the Lie 
algebras gc and g. 

Proposition 2.1. (i) Gc admits polar decomposition: each 9 in Gc can be 
written uniquely as 9 = s\9\, i.e. tt(9) = tt(s)\tt(9)\ for each ir in G. Hence, 
each such \9\ is an element of Gc. 

(ii) If 9 G G c , then 9* G G c too. If 9 G Gj = {T G G c : tt(T) > 
/or 7r G G}, t/ien /or eac/i z G C, f £ Gc too; moreover if t G R— °, i/jen 
0'gG+ 

(iii) // t/ie connected component of the identity G e is a Lie group, then g 
is isomorphic to the usual Lie algebra of G and gc is its complexification. 

(iv) We have exp(g) C G e and is dense, and exp(ig) = Gjt. The map 
(s,X) i — y sexp(iX) : G x g — > Gc is a homeomorphism, where g and Gc 
have relativised topologies as subsets of Trig(G)^ whose topology is the weak 
topology induced by \2.1\) . 
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Proof. Part (i) and the second part of (ii) can be found in [17, Cor. 1 & 
Thm. 2]. We note that the proof can be conceptualised a bit differently, the 
ideas of which we sketch_below. 

It is well known that G x G is given by Kronecker products {irxir' : it, it' G 
G}, and hence Trig(GxG) ~ Trig(G) ® Trig(G). We let m : Trig(GxG) -> 
Trig(G) denote pointwise multiplication and 

m} : TVig(G) t -> Trig(GxG) t ~ \\ C{%^ ® H*>) 

denote its adjoint map. For each tt, it' in G and each a in G there are 
m(<7, 7r0 7r') (this number may be 0) partial isometries V a ^ : — > 'H^®%- K 
with pairwise disjoint ranges, for which 

m.(<T,7r®7r') 

(2-7) Tr®^^ £ KWO^ 

where we adopt the convention that an empty sum is 0. Then we may 
calculate for T in Trig (G) t that 

m((T,7r(gi7r / ) 

(2.8) vr x vr'(mtr) = £ ^ ^x(T)^. 

It follows readily that m* is a *-homomorphism; in fact it is the well-known 
coproduct map, see [241 Ex. 1.2.5]. In particular, it is easy to calculate from 
the definitions of Gc and 0c that 

(2.9) G c = [0 G Trig(G) f : ® = m + (0)} 

(2.10) 0C = |x G Trig(G) t :I®/ + /®I = mt(I)} 

Where I is the identity element of Trig(G)^. We note that it is easy to check 
that exponentiating elements of gc is (I2.10p gives elements of the form (|2.9|) . 

Now (i) follows from (12.8jl . (j2.9j) . (|2.4p and the uniqueness of polar decom- 
position. Any multiplicative analytic function ip : M >0 — > C^°, (respectively, 
multiplicative anti-analytic function tp : C — > C) will thus satisfy 

V>(0) (8) V(^) = il>(6®II®6) =ip{9®9) = ijj{m){9)) = m\ip(9)) 

for 6 G Gj (respectively, 9 G Gc). Hence, again by (12. 9|) . ^(0) G Gc; 
moreover ^(0) G Gj if ^(K >0 ) C M >0 . Thus we obtain (ii). 

Part (iii) is [2, Cor. 4], while part (iv) is (2j Prop. 4] (see also [13 Thm. 
3]. ' ' □ 

If H is another compact group, and a : G —¥ H is a continuous homomor- 
phism then a induces a *-homomorphism a : Trig(G)^ — > Trig(-ff)'. Indeed, 
if we assign Trig(G)^ ~ n,re<5 J ^(^ 7r ) * ne nnear topology from the dual pair- 
ing (12.ip then spanG is dense in Trig(G)^, since span7r(G) = Ci^H^) for 
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each tt by Schur's lemma. The map Y^j=i a j s j ^ Sj=i a j a ( s j) '■ spanG — > 
span// is well defined, being the relative adjoint of k h> uog : Trig(G) — > 
Tng(H), and is clearly a *-homomorphism. Hence this map extends as 
claimed. It follows that a\c c '■ Cc — > is a homomorphism of groups, 
while a\ Sc : gc — > f)C is a homomorphism of C-Lie algebras, and a\ s : g — > f) 
is a homomorphism of M-Lie algebras, where f) is the Lie algebra of H. More- 
over it is immediate that exp(<r(X)) = a(exp(X)) for X in gc- Finally, if K 
is a third compact group and r : H — > K is a continuous homomorphism, 
then r°(7 : G ^ K extends to a *-homomorphism too : Trig(G) t -»• Trig(.fr)t 
and restricts to a group, respectively Lie algebra, homomorphism where ap- 
propriate. 

If tt G G, we denote the linear dual space of by H^. For A in £(%„■), 
let t4* in C{%^) denote its linear adjoint. For s G G we define 7f(s) = 
7r(s -1 )*. Then 7f is a unitary representation on %^ called the conjugate 
representation of tt. 

Corollary 2.2. For any 9 in G^ and tt in G we have tt(9) = Tr(9^ 1 ) t . 

Proof. Let XJ(H n ) denote the unitary group on H.^ and u('H 7r ) its Lie algebra, 
which we may regard in the classical sense by (iii) of the proposition, above. 
Let 7 : XJ(H n ) -»• U(W#) be given by 7(1*) = (u^ 1 )*. The map U ^ —17* : 
u(H n ) —7- u(Htt) is a Lie algebra homomorphism. Moreover, if we write 
U = iH where H is hermitian we have 

exp(-?7 t ) = exp(-^ t ) = (expiiHy 1 ) 1 = 7 (exp([/)). 

We see that dj(U) = — U G u("H,r) and hence its unique C-linear exten- 
sion to the complexification satisfies dj(X) = —X t for X G u('H 7r )c- 

We shall regard tt : G — > \J(H 7r ) as a homomorphism, as above, so tt = 
707r. If 9 G G^, we use (iv) in the proposition above to write 9 = exp(iX) 
where X G g (so iX is hermitian). Thus we compute 

7f(0) = exp(m(X)) = exp(i 7 o^(X)) = exp(-OT(X) t ) = n{9- l f 

as desired. □ 

3. Beurling- Fourier algebras. Definition. 

Let G be a compact group. A weight on G is a function co : G — > R >0 
such that 

uj(a) < uj(tt)uj(tt') whenever a C tt (8> vr'. 
We say that u; is bounded if inf g w(7r) > 0, and symmetric if w(7f) = 

uj(tt) for each 7r in G. Note that since 1 C tt <8> 7f , any symmetric weight is 
automatically bounded with w(7r) 2 = w(7r)o;(7f) > w(l). Of course, u;(l) > 1 
since 1 tt = tt for each tt. 

We let Trig((G)) = rU^G ^^(G) denote the space of formal trigonomet- 
ric series. For u G Trig((G)) and tt in G, the definition u(tt) can be regarded 
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u G Trig((G)) : \\u\\ Aui = E ||n(vr) ^ ^(vr) < oc > , 



ttGG 



where, for each 7r in G, d n = dim'H^. It is obvious that A UJ (G) is a Banach 
space with norm \\-\\ A . We call A^^G) the Beurling-Fourier algebra with 
weight uj. We will see that it is a Banach algebra, below. Note that if to is 
the constant weight 1, then A\{G) = A(G) is the Fourier algebra of G. 

Proposition 3.1. For any weight to, A U} (G) is a Banach algebra under the 
product extending pointwise multiplication on Trig(G). If uj is bounded, then 
A UJ (G) C A(G), and hence is an algebra of continuous functions on G. 

Proof. It is clear that Trig(G) is \\-\\ A -dense in A UJ {G), hence it suffices to 
verify that \\-\\ A is an algebra norm on Trig(G). Let us first consider a pair 

of basic coefficients, u = (7r(-)£,r/) and u' = (ir' (■)£', r/), where 7r,7r' G G, 
£,r/ G Tin, and £' ',rj' G H^i. Note that by the Schur orthogonality relations 



(7r(-)£,77)IL w = ll«( 7r )lli < *»r w ( 7 = ||f|| IMMvr) 



and similar holds for any basic matrix coefficient. There exist, not neces- 
sarily distinct, a±, . . . , o m in G such that Vir (g) 7r'(-)V* = ©j=i o~j for some 
unitary operator V, and, with those, associated pairwise orthogonal projec- 
tions onto the reducing subspaces, p±, . . . ,p m on ViT-i^ (dH^')- Let for each 
i, Vi = PiV (so Vi = V*. j in the notation of (|2.7p . Hence we have 



uv! = (vr (8> vr'(-)£ (g> r? <g> r?') 

mm m 

©*;(■) Ety(£®0> EMW) 
v i=i i'=i j'"=i 
re 

E(^W(e®o,^(W)) 
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Hence, since a; is a weight, we have 

m 

IKIL ^ E WMWit ® £'), Uv ® V))L u 

^ II ® O II II V i fa ® V) || j ^(^)^(vr') 

/ m \ 1/2 / m \ 1/2 

< (e ii^® of j (Eii^®^)ir) 

= ||£ ® II 7 ? ® VII w(7r)w(7r') = ll^'H^ . 

Since for each tt, each T in C(7i n ) with 1 1 2 -1 1 1 1 < 1 is in the convex hull of 
rank one operators, it follows that the convex hull of 

{(tt(-)£, t?) : vr G G,e,r? G -H., ||£|| ||r/|| = 1/ W (tt)} 

is the ||-||^ -unit ball of Trig(G). Hence it follows that is sub-multi- 
plicative on Trig(G). 

Now if to is bounded, with C = inf g uj{%) > 0, then we have for 
u in Trig 7r (G) that u is contained in A(G) and that 



\u\\a 



E IK^IIi^t 



(3.i) < H^lli ^(^K 

7T6G 

= -IMU.. 

Thus Aj(G) is contained in A(G) and is therefore a space of continuous 
functions. □ 

Example 3.1. (1) If u = 1 then A W (G) = A(G), the Fourier algebra of G. 

(2) If uj(it) = d w , tt £ G (we say that u) is the dimension weight) then 
A U (G) = Ay(G), an algebra studied by B.E. Johnson ([8]) and which is the 
image of the map from A{G) & 1 A{G) to A{G) given on elementary tensors 
by / ® g l— > / * g, where g(t) = g(i _1 ); or, as shown in [6], is the image of 
the map / <g> g (->■ / * g from A(G x G) to vl(G). 

(3) If G = T n and u is a weight on T™ ~ Z n , then A^G) ^ ^( z ™, w ) is a 
Beurling algebra (see |21j). 

Remark 3.2. For a bounded weight a; on a compact group G we can ex- 
tend the Fourier inversion formula (|2.3j) to elements u £ A UJ (G), since then 
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A W {G) C A(G), and series from elements of the latter are summable. That 
is for u G A w (G) and s£Gwe have that 

Let p denote the right translation on Trig(G), i.e. for an element u in Trig(G) 
we let 

p(t)u(s) := u(st), s, i G G, 
and let A be the left translation on Trig(G) defined by 
\(t)u(s) := u(t~ 1 s),s,te G. 

Proposition 3.3. For every weight uj on G, right and left translations ex- 
tend to isometries of A W (G). 

Proof. Indeed, for an element u in Trig(G) and t in G we have that 

(p5)u)(ir) = 7r(t)u(7r), (\(tju){7r) = u(7r)7r(i _1 ), ttgG 
and therefore 

IIp(*) u IU w = ll 7r (*H 7r )lli d T a; ( 7r ) = \\u(^)\\i d 7T^{^) = ||«|U U 

ttGG ttGG 

and similarly 

□ 

Let for a bounded weight uj on G 

Ll(G) = h G TVig((G)) : ll^i,. := E lllWlll^W < oo 

TTGG 

where ||£(7r)||2 denotes the Hilbert-Schmidt norm of the operator £(7r). The 
assumption that oj is bounded gives us that L^(G) C L 2 (G). 

It is well-known that the Fourier algebra A(G) coincides with the family 
of functions 

A(G) = { s ^(f*g)(s) = J g f{t)g{t- 1 s)dt :f,ge L 2 (G) 

We observe that the product U1U2, of two weights ui,u}2, is a weight; and 
if if : M >0 —7- M >0 is a non-decreasing sub-multiplicative function, then (pouj 
is a weight for any weight uj. 

Proposition 3.4. Let uj±,uj2 be bounded weights on G and uj = (cji^) 1 ^ 2 - 
Then 

MG) = {« -> (/ * <?)(*) = £ f(t)g(t- 1 s)dt : / G L^G) and 5 G L 2 2 (G)j 
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Proof. Let u G A UJ (G). For each ir G G consider the polar decomposition of 

1 /2 

«(tt): u(ir) = y(vr)|n(^)|. Let a(-ir) = V{tt)\u{tt)\^ 2 and 6(vr) = 

(^) 1/2 |^)| 1/2 - Wehave 

^ ^(tOIKtOH! < d^-faTj (tt) [| |«(tt) I x /2 [|2 = d^o;i(7r)||ti(ir)||i < oo 

ttGG 7t€G ttGG 

and similarly 

dnLj(ir)\\b(ir)\\l < ^2 d w w 2 (7r)||ti(7r)|| 1 < oo. 

ttGG ttGG 

Thus if f,g G L 2 (G) are such that g(7r) = a(7r) and /(-7r) = 6(7r) then 
/ G L^(G), 5 G i&(G) and u = f * g. Hence A U (G) C L^(G) * L^G). 
Take now / G L^(G), g G L^ 2 (G) and let u = / * p. Then 

^^(tOU^tOH! = j;^(' r )IIKT)/V)lli 

ttGG ttGG 
ttGG 

\ 1/2 / \ 1/2 

< [ £ ^OOIISMIII £ 'WOH/OO 

tGG / \7reG 

Thus m£4(G). □ 

4. The spectrum of a Beurling-Fourier algebra 

It follows from the identification Trig(G)^ ~ g£(7^ T ) given in (|2.ip 
that for a weight w, Aj(G) has continuous dual space 

(4.1) A,(G)* = { T G Trig(G)t : ||T|U. = sup h(T) ^ < oo 1 . 

The definition of G<c then immediately gives Gelfand spectrum 

f ||vr(0)|| OD ] 

(4.2) G w = Aj(G) = < # G G c : sup , ° p < oo \ 

[ ned u; ( 7r ) J 

where < oo may be replaced by < 1, by well-known theorem of Gelfand that 
multiplicative functionals on Banach algebras are automatically contractive. 
Proposition 12.11 provides that Gc is closed under polar decomposition, and 
that for 6 in G c and tt G G, ||vr(0)|| op = || |tt(0)| || op = r(\ir(6)\), where the 
latter is the spectral radius. 

The terminology below is motivated by |15| . 
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Proposition 4.1. If to is a bounded weight on G then G u is a compact 
subset of Gc which contains G and enjoys the following properties: 

(i) G u is G-Reinhardt : for s in G and 9 G G u we have s9,6s G G w ; and 

(ii) G w is log-convex: for 9, 9' G G+ = G w n GjJ and < s < 1, we have 

In particular, (9, s) 9s : G+ xG-) G w zs a homeomorphism. 

(iii) //a; is symmetric then G w is inverse-closed. 

Proof, (i) This is immediate from Proposition ^. 3l and the fact that operators 
of translation are multiplicative. 

(ii) It follows from Proposition 12.11 that 9 S 9'( 1 ~ S ^ G Gc (though not nec- 
essarily in Gq). It is a standard fact of functional calculus that ||7r(#) s || op = 

IKWIlop f° r eacri 71 m G, and hence we have 

||7r(0) s 7r(0') (1_s) " \\^fa\\\ s lUffl'MI 1 - 8 



iop . iFWIIoplFv /nop 
sup ^ < sup 



max lll 7r Wllop J |l 7r l» /nop/ 

< SUP t— r < OO. 

It is immediate from (g^D that d a d'^ x ~^ G G w . 

The homeomorphism identifying G+ x G ~ G w is an immediate conse- 
quence of (i), (ii) and Proposition 12.11 (iv). 

(iii) If to is symmetric, then for 9 in Gc, Corollary 12.21 shows that 

sup = sup r — ^, 

and hence -1 G G w if and only if 9 G G w . □ 

If to is bounded, then it is clear from Proposition 13.11 that A W {G) is 
semisimple. If to is not bounded this is not as clear, but still true. The 
following is motivated by [13, 2.8.2]. 

Theorem 4.2. The algebra A^{G) is semisimple. 

Proof. We first note that the constant function 1 is in A U1 (G). Hence the 
spectrum G u is non-empty. Let 9 G G u . 

We note that if u G i«(G) and T G A W (G)* then T ■ u G Indeed 

\\T-u\\ A = YthWvWWid* < E K^llopK^M* 

ttGG TreG 



< 



ttGG 



Thus for 9 in G w , as above, 9 ■ u G -A(G) for u in A W (G). Suppose a / 0. 
Since u = 9~ l ■ {9 -u) (formally, in Trig((G))), we have that 9 ■ u ^ in A(G), 
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and hence there is some s in G for which 

(u,s6) = 9-u(s) ^0. 

Since s9 G for all s in G by Proposition 14, 1\ it follows that A ul (G) admits 
no radical elements, and thus is semisimple. □ 

The following fact, which will be useful for the following examples, is 
well-known. If oj : N — > M >0 is a weight, i.e. uj(n + m) < uj(n)Co(m), then 

(4.3) pco = lim Co{n) l / n = inf uj(n) 1 / n . 

See, for example, [3, A. 1.26]. Furthermore, if Co is bounded below, then 

Pu, > 1. 

Example 4.3. Let G = T n and w be a bounded weight on Z n ~ G. Let 
l\TL n M = \ f : Z n ^ C : ||/|| lja) = £ l/MK/.) < oo 1 

with convolution as multiplication. The Fourier transform identifies i l (Z n , cj) 
with A UJ (T n ) (formally, in the case that oj is not bounded). Let e\,...,e n 
denote the standard integer basis of Z n . Since 5 £1 , . . . , 5 £n and their in- 
verses generate Z n , any character x 6 ^ 1 (Z n ,o;) ~ is determined by the 
values Zj = x(<^e)> J = 1, Hence the Gelfand transform converts 

/ in £ 1 (Z n ,o;) into a Laurent series 

These series converge, simultaneously for all / in ^ 1 (Z n ,w), if and only if 
\z^\ k = \z k ^\ < u(kp) for each p in Z n . Thus it follows from an application 
of {OK that 

T£ ~ {z G C™ : l/p u {-n) < \z"\ < pM for all p G Z n } 

where Puj(p) = limfc_»oo uo(kp) l / k . If n > 2 the family of defining inequalities 
can be simplified to choices of p for which gcd(/ii, . . . , /x n ) = 1. However if 
n = 1 we obtain the usual annulus of convergence with inner radius 1/ p w {—\) 
and outer radius Pu(l). 

We observe that in the case that n > 2 and uj{p) = A Ml for some A > 1, 
then T™ => T n , but is not an open subset of C n . For any A in (M- 1 )" with 
Ai . . . A n > 1, the weight u>(p) = A M defines an exponential weight. 

If a > 0, the weight oj a {p) = (1 + HmHi)" is a classical polynomial weight, 
these weights will be generalised in (15. 2ft . 

Example 4.4. Let G = T x Z 2 = {(s,a) : s G T,a G Z 2 } with multipli- 
cation {(s,a){t,b) = (st a ,ab), where Z 2 = {1,-1}. It is a straightforward 
application of the "Mackey machine" that G = {1, a, ir n , n > 1}, where a is 
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a one-dimensional representation given by a((s,a)) = a and ir n , n > 1 is a 
two-dimensional representation defined by 

We have that the corresponding characters are 



Xa((s,a))=a, XttJO.o)) 



s n + s~ n , a = l, 
0, a = -l. 



Taking into account that Xtt^p = XvrXpi we obtain that 1 ® <r = <r, 1 <g) 7r n = 

n © ^"|m— n\ ^ in n and 
7r„ © 7r n « 7r2 n © 1 © 1. Hence any weight u on G is governed only by the 
relations that u(l),u)(a) > 1, and cD(n) = uj(ir n ) defines a weight on {0} UN 
which satisfies £>(0) = w(l) and w(|n — m\) < uj(n)u)(m). Since n ~ 7r for 
each 7r in G, any weight cj is automatically symmetric. 

We observe that Gc — C* » Z2. Indeed, we appeal to (2j Prop. 9] to 
see that (G c ) e - (G e ) c ^ C*, as G e ~ T, and that G c /(G c ) e (G/G e ) c , 
where (G/G e )c — i^2)c — ^2 by definition of the complexification. In 
particular we can identify G^ = {(A, 1) : A > 0} and we have Gc = GGj. 
Thus for A > and s in T, the corresponding element 9 in Gc is by 1(6) = 1, 

A n 



a(0) = a(s) and n n (0) = ir n (s)A(n), where A(n) = I ^ 1 , so A(n) = 

TnG^I). 

Let w : G — )■ M >0 be any weight and p u = linin^oo oj(ir n ) 1 / n . For example 
if a > 1, let w(l) = w(<r) = 1 and uj(ir n ) = a n , and then p u = a. For 9 as 
above, ||7r n (0)|| = ||A(n)|| op = max(A n , A~"). For each n in N (fl~3l) implies 
a)(n) > an d hence 

IK(0)|| op ^ max(A-,A-) x 

sup p-^r — < sup < 00 4=> max(A, A ) < Pw 

neN w ( n ) neN PS 

Hence G w ~ {(^, a) : a G ^2,2 G C,l/p u < \z\ < p^}. In particular, if 
p w > 1, then Go, 2 ^ 

Example 4.5. Let G = SU(2). We have that G = {vr„ : n G {0}UN} where 
7To = 1 and 7Ti is the standard representation. The representations satisfy 
the well-known tensor relations 

(n+n'-\n-n'\)/2 

7T n © 7T n ' « (J) Vr| n _„/| +2 j. 

j=0 

Thus any weight w : G — > M >0 is given by a weight lD : {0} UN — > M >0 which 
satisfies u)(\n — n'\ + 2j) < Cj(n)Cj(n') for j = 0, . . . , (n + n' — \n — n'|)/2. 
For example, any exponential weight d)(n) = A n for some A > 0, suffices We 
have for every n that 7f n ~ 7r n , so every weight is automatically symmetric. 
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It is well-known that su(2)c = sbfC). It follows Proposition ^, II (hi) that 
SL2(C) ~ 7Ti(isu(2))7Ti(G) = 7Ti(Gc). Then, since tt\ generates G, we find 
from (I2.7P that 7ri(Gc) determines Gc. Hence SL2(C) ~ Gc. 

Now given a weight uj, let = lim n _ ) . 00 LD(n) 1 /™. Any element of SL 2 (C) + 

is, up to unitary equivalence, A = f ^ ^ OT some ^ ^ ^' Taking 

successive tensor products A® n ©i=^ n " 7T|n-n'|+2j(A-)> we see by 
induction that ||7r n (A)|| = max(A n ,A _ra ). Thus, using reasoning as in the 
example above, and then (|4.2p and comments thereafter, we see that 

G,-{xe SL 2 (C) : a(\x\) = {A, A -1 }, l/p u < A < Po} ). 

Example 4.6. Suppose G e is non-trivial so Gc ^ G. If £ Gc \ G let 
uig(7r) = ||7r(0)|| = 1 1 ( 1 6* | ) 1 1 op . It is immediate from (12. 7p that ojq is a 
weight, and from Proposition 12.11 (i) we may choose 9 to be positive. It fol- 
lows Corollary 12 . 21 that ujq is symmetric if and only if ||7r(#) -1 1| = ||vr(6 , )|| op 

for each ir £ G. For the cases in Examples 14. 3\ 14.41 and 14.51 above, these 
weights generalise the exponential weights. 

We can take advantage of Proposition 14.11 to see that G w contains some 
analytic structure when it is bigger than G. We note that by Proposition 
14.11 G+ is logarithmically star-like about e: for 9 in G+ and < s < 1, 
s = Q s e 1 ~ s £ G+. We will call 9 in G+ \ {e} a relative interior point of G+ 
if 9 1+£ £ G+ for some e > 0. If G w 2 ^ then G^ always admits relative 
interior points. 

Theorem 4.7. Suppose that uj is bounded and G w 2 G- Then for any 
relative interior point 9 in G^ \ {e} there are real numbers a < f3 such that 
for every u in A LJ (G), uq{z) = (9 z ,u) defines a holomorphic function on 
S a ,/3 = {z £ C : a < Rez < f3}. 

Proof We let a = inf{s £ R : 9 s £ G u } and = sup{s £ M : 9 s £ G u }. 
Proposition 12.11 (iv) provides X £ ig, for which exp(X) = 9. We note for 
z = s + it in S a> p, that 9 Z = 9 s exp(itX) £ G u . Now, if u £ Trig 7r (G) then 
uq(z) = Tv(u(tt) exp(z7r(X)))d 7r defines a holomorphic function on S a> p for 
which 

sup \uq{z)\ < sup I (6', u) | < = \\u\\i d n oj(7c). 

Hence if we consider u in A U (G), we see that 

converges uniformly on S a p and hence defines a holomorphic function. □ 

Remark 4.8. We will say that the unit e of G is a relative interior point 
of G+ if there is 9 in G+ \ {e} such that 9~ e £ G+ for some e > 0. We 
note that if ui is symmetric and G w 2 G, then it follows from Corollary 12.21 
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if 9 G then G showing that e is a relative interior point of G%. 
Even in the case that e is a relative interior point, the above procedure, 
applied to e produces only constant holomorphic functions. If 9 in G^ \ {e} 
is a relative interior point, for which 9~ £ £ G w , the holomophic function uq 
satisfies ug(0) = u(e). 

Definition 4.9. An involutive Banach algebra is called symmetric if for 
every self-adjoint element u, the spectrum cr(u) C R. 

If a; is a symmetric weight then m^h defines an isometric involution on 
Aj(G), where u(s) = u(s) for s in G. Indeed, it is easy to check that for 
every tt in G, and u in A U1 (G) that j | €Z(tt) 1 1 1 = [|u(7f)||i. It is then immediate 
from the definition of the norm that llulL = \\u\\ A ■ 

Theorem 4.10. Let lo be a symmetric weight on G. The Beurling-Fourier 
algebra A U} (G) is symmetric if and only if G u = G. 

Proof. If G = G u , then it is obvious that A UJ (G) is symmetric. 

If G u 2 G, then by Theorem 14.71 for any relative interior point 9 in \ 
{1}, the function u \— > ug is a homomorphism from A UJ (G) into Hol(S a g), 
the space of holomorphic functions on an open strip S a ^. Since for z ^ 1 
but sufficiently close to 1, 9 Z ^ 9, there is u in A W {G) for which {u,9 z ) ^ 
(it, 0). Moreover, since A U1 {G) is generated by its self-adjoint elements, i.e. 
2u = (u + u) + (it — u) for each it, there must be a self-adjoint element u for 
which {u,9 z ) ^ (it, 9) for some z. Hence u$ is a non-constant holomorphic 
function, whence ue(S at p) is open in C. Since ug(S a ^) C o~(u), the latter 
cannot be contained in R. □ 

In the end of this section we give general conditions on weights ui for 
which the spectrum G^ of A W (G) coincides with (is different from) G. 

Some functorial properties. The Beurling-Fourier algebras admit natu- 
ral Beurling-Fourier algebras when restricted to subgroups. If H is a closed 
subgroup of G and u : G — > R >0 then we define ojjj '■ H — > R >0 by 

wjj(<t) = inf oj{tt). 

tt£G 

Proposition 4.11. ojjj is a weight on H . 

Proof. Let a, a' ,r G H with r C a a' and e > be given. Find ir, tt' in G 
such that a C tt\h with uj(tt) < ujh(o~) + e and a C 7t'|h with uj(tt') < 
uj h{ (J ') + £■ Then rdr® 7t'|jj and hence 

wh(t) < inf w(p) < w(7r)u;(7r / ) < {uh{cf) + e)(u)h{<?') + e)- 

pC7T(X)7r' 



Since e > can be chosen arbitrarily and independently of cr, a', it follows 
that ujh(t) < uh{o~)ojh{o-'). □ 



16 JEAN LUDWIG, NICO SPRONK AND LYUDMILA TUROWSKA 

Let i : H — >■ G denote the injection map which, as in Section extends 
to a homomorphism l : Trig(H)^ — > Trig(G)^. 

Proposition 4.12. (i) The "restriction" map u i— > is a Banach algebra 
quotient map from A W (G) onto A UJH (H). 

(ii) The spectrum H^ H of A LdH (H) is isomorphic to G w n l{H^). 

Proof, (i) The extension i : Trig(H)^ — > Trig(G)^, satisfies 

7r°t(T) ~ <j{T)® m ^ 

cr£H 
o-Ctt|h 

where m(a,7r) is the multiplicity of a in 7r|ff. We have that l[A 0Jh (H)*) C 
AUG) 

\wm\\c 



II ^ ("^) II 

Aui(G)*. Indeed a C tt\h implies Wff(cx) < oj(tt) and hence U i H {J)' — 



'■:'P 



so we have 



not(T)\\ op lk(T)|| op lk(T)|| op 



Ik(^)ll4* = SU P T~\ = SU P max < SUp 

o-Ctt\h 

Hence l\a uh (H)* '■ A^hC^O* ~~ ^ Aj(G)* is contractive. Moreover, i>\a u (H)* 
is an isometry. Indeed, given T in A WH {H)* and e > 0, there is cr in if such 
that ^——r \° p > IITII 4 , — e. Moreover there is tt G G such that cr C 7r| w 
and w(7r) < ujh(o~) + £■ Then 

ii mil >> lk(r)ll °p > lk(r)ll °p > niTii ^ 1 



from which it follows that i\a u , h (H)* is an isometry. 

Since Trig(G) is dense in A^lG), it follows that the preadjoint u h-» uoi = 
it | # of f-l^ (ff)* extends to a quotient map from A U (G) onto A UJH (H). 

(ii) It is noted in Cor. 3] that the map i|ff c : He — >■ Gc is a topological 
embedding. Also, ff WH = He n A> H (#)*■ Hence t(H UH ) = Gc n Aj(G)* = 
G? w . ' ' □ 

The connected component of the identity warrants particular considera- 
tion. 

Corollary 4.13. The connected component of G^ containing e, (G w ) e is 
naturally isomorphic with (G e ) u)G . In particular, in the case that uj is 
bounded, G u 2 G if and only if (G a) ) e D G e . 

Proof. It follows from Proposition 14.11 (ii) that G+ C (G u ) e . The same 
proposition shows that (9, s) \— > 9s : G+ x G — >• G u is a homeomorphism, 
and hence G+G e = (G CJ ) e . However, since G^G e = t(G e )c, we get, from 
Proposition 14.121 above, that G+G e = G w n t(G e )c = (G e ) WGe . 

If w is bounded, we have G w 3 ^ if and only if G+ 2 i e }- Hence this 
condition is equivalent to (G w ) e 2 ^e- D 
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Let iV be a normal subgroup of G and q : G —> G/N be the quotient 
map. The map tt \— > noq : G/N — > G clearly preserves decomposition into 
irreducible components. Thus if u : G — > M >0 is a weight we may define a 



As above, we let l : N — > G denote the injection which extends naturally 
to a map t : Trig(iV)^ — > Trig(G)^. We note that since N is normal in G, 
n = {X G q : exp(tX) £ N for all t £ M} is a Lie ideal in g, whence tic 
is a Lie ideal in gc, from which it follows that Nc — t(iVc) = -/Vexp(iti) is 
normal in Gc- 

Proposition 4.14. (i) The map u \-t uoq : A lu n(G/N) — > A U1 (G) is an 
isometric homomorphism. 

(ii) On G u , let 6 if 9~ l 9' £ t(iVc) Then the quotient space G^/N^ 

may be identified with a closed subset of {G/N) u n . 

Proof, (i) Define Pnu(s) = J N u(sn)dn. Then, since by Proposition 13.31 
translations are isometries on A^^G), we have that P/v defines a bounded 
linear operator on A W {G). Moreover, Pjy = Pjy and Pn(A uj (G)) = A UJ (G : 
N), the subalgebra of elements constant n cosets of N. It remains to prove 
the latter is isometrically isomorphic to A UJG/N (G/N). 

Let us note that if tt 6 G \ (G/Noq) then it\n never contains the trivial 
representation of N. Indeed if for £ 6 T-L n we have 7r(n)£ = £ for all n in iV, 
then for any s in G and any n in N, we have 7r(n)7r(s)£ = ir(s)ir(s~ 1 ns)^ = 
7r(s)£. Then either £ = 0, or £ is a cyclic vector for tt(G), in which case 
7r(n) = / for all n in N, but this contradicts our assumption about tt. 

Thus if u £ A W (G) we have for tt in G, s in G 



which is clearly isometrically isomorphic to A WG , N (G/N). 

(ii) We consider the extended map q : Trig(G)t -> Trig(G/JV)t. We have 
that kerg|G c = t(Nc). Indeed, we note that since q(N) = {e}, q(n) = {0}, 
and hence q°i(Nc) = q(N exp(in)) = {e}. Conversely, if 9 = s\9\ £ keiq\G c , 
then q(s)q(\9\) is the polar decomposition of q{9) = e, hence q(s) = e = 
q(\9\). Thus s £ N. Moreover we write \9\ = exp(iX) for some X in q. We 
see for t,t £l that e = = g(exp(itt ^)) = eyLp(itq(t X)), and, 



weight : G/N -)■ M >0 by 



w (7r) = CL>(7r°g). 




by the Schur orthogonality relations. Thus 
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taking derivative at t = we obtain that iq(toX) = 0. Thus we see that 
Xen, hence 9 = sexp(iX) £ t(iVc). 

Now, from (i) above, q{G UJ ) will be a closed subset of {G/N)^. We see 
that for 9,9' in G w C G c , g(0) = g(0') if and only if q{9- l 9') £ l(N c ), i.e. 
~iv c 9'- □ 

That g : G — > G/N extends to an open quotient map q\c c ■ Gc — > 
(G/N)c is noted in [2j Cor. 3] and requires the somewhat delicate lifting 
one-parameter subgroup result [TTJ, Theo. 4]. It is unclear that this result 
preserves the rate of growth of positive elements. 

Conjecture 4.15. In (ii), above, we have that G w / ~at c = {G/N)^. In 
particular, if for some Lie quotient G/N of G, (G/N) u n 2 G/N, then 
G^^G. 

Growth of weights. We wish to find conditions on the weight uj which 
characterise when G w 2 G an d G w = G. 

We begin with some notation. If S C G we let 

S® n = {tt £ G : vr C a x <g> • • • ® a n where a 1} . . . , a n £ S}, (S) = \J S m . 

nGN 

We say that G is finitely generated if G = (S) for some finite S C G. 

Proposition 4.16. G is a Lie group if and only if G is finitely generated. 

Proof. This is [HI (30.48)]. □ 

We let for any continuous unitary representation p of G, and any finite 
subset S of G 

ui(p) = sup uj(u) and ui{S) = supw(<7) 

creG,aCp < 7&s 

so that uj{p) = w({7r £ G : tt C p}). We note that if S is a finite subset of 
G, then S®("+"0 = S® n ® S® m , i.e. any tt in may be realised as a 

subrepresentation of 7r' (g) vr" for some 7r' in S" 8 ™ and 7r" in Hence the 

function w : N — > M >0 given by Cu(n) = ui(S® n ) is a weight. Thus we can 
appeal to (I4.3P to define 

p w (5) = lim w(5^ n ) 1/n 

n— loo 

and for a single tt in G, we define p u (^) = limn-toc uj{ir® n ) l / n . 
We say that uj is nonexponential if for every 7r £ G 

(4.4) pUtt) = 1 

and we say that uj has exponential growth otherwise. 

Proposition 4.17. Let uj be a bounded weight on G. Then the following 
are equivalent: 

(i) uj has exponential growth; and 



BEURLING- FOURIER ALGEBRAS 19 

(ii) there is some finite subset S of G for which Puj(S) > 1. 
Further, if G is a Lie group then (i) and (ii) are equivalent to: 

(iii) Poj(S) > 1 for every generating set S C G. 

Proof. Recall that a bounded weight always has Pu(ir) > 1; see remark after 
(|4.3p . That (i) implies (ii) is obvious. In the case that G is a Lie group it 
is obvious that (iii) implies (ii). For a Lie group G, if S' is a generating set, 
then for some m, S'® m D S and hence 



PuJ (S') = lim uj{S'® n ) l ' n > lim w (5' / ® mn ) 1 / ron = A,(S'® m ) 1/m > p w (5) 1 / m 

n— >oo n— >oo 



Hence (ii) implies (iii). It remains to show that (ii) implies (i), in general. 

Let S = {o"i, . . . , cr m }. Suppose p u (S) > 1. By (|4.3p we have that 
u)(S® n ) > Pu)(S) n , and hence there is a sequence (ir n )nm such that 

7r n £ S® n for each n, and u(7r n ) > Pu>{S) n . 

Then for each n there are ii i7l , . . . , l m ,n in {0} U N such that 7r n G ^ 
• ■ • <8> cr m m ' n and Zi iTl + • • • + l m ,n = We have 

W(7T„) < W(C7 1 )...W(CJ m J 

It follows from the "pigeon-hole principle" that for some j = 1, . . . ,m that 
there is a sequence n\ < ri2 < . . . for which uj(-K nk ) l l m < J,nfc ). Since 

Poj(S) nk ^ m < oj{o^ lj ' nk ), we may assume ni,ra2,... are chosen so lj >ni < 

lj yU2 < . . . . Thus, since lj ynk < and u;(crj > '''' nfe ) > 1, we have 

and we find 

1 < pUS) 1/m = lim u(n nh )V mn * < lim w(af J '" fc ) 1 /^ 

where the latter is p UJ (aj), again by (14. 3p . □ 

Example 4.18. (1) Consider exponential weights ojq of Example 14.61 As 
9 G Gc we may appeal to f|2.8j) and (|2.9p to see that 



= ™* IkWIlop = IK^WIlop = IKW^Lp = IK-,...,, 

and hence Pui e {^) = IK(^)|| op - m particular such a weight is bounded only 
if mf^gg || 7r (^)|| p — 1) an d of nonexponential growth only if ||7r(0)|| = 1 
for all 7T in G. 

Corollary 12.21 shows that loq is symmetric exactly when, for each tt, the 
smallest and largest eigenvalues p n , X n of \tv(9)\ satisfy = p~ x . 

(2) Let G be a compact group and let w(vr) = d n , ir G G, be the dimension 
weight. The weight u; is nonexponential by Example 15.31 and Proposition 15.41 
below. 
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Other examples of weights of nonexponential growth are given in the next 
section. 

Proposition 4.19. Let uj be a nonexponential symmetric weight on G. Then 
G u = G. 

Proof. Assume G^ ^ G. Then by Proposition 14.11 there exists 9 E G+ such 
that sup^gg ^i,(l)° P — 1 an d ll 7r (^)l|op > 1 fo r some ir E G. Then 

u ^n ) l/n = gup w(<T )l/n> gup \\a(0)\\V? = \\*(6)^\\V n 



o P — ii" \ v j Hop — iFl^nop 



giving linin^oo ^(vr®™) 1 /™ > 1, a contradiction. □ 

Question 4.20. Is it true in general that if a weight to is exponential then 
G U ^G? 

5. Polynomial weights 

In this section we introduce the polynomial weights which are of funda- 
mental importance. For ease we will always assume that a weight uj on G is 
symmetric. In particular these weight are bounded and thus G C G w . 

Definition and basic theory. The following description of the dual space 
of a connected compact Lie group G has been taken from [25J. Let q be the 
Lie algebra of G. Then = 3 © 0i with 3 the center of q and 0! = [0, 0] 
a compact Lie algebra. Let (•,•) be an inner product on satisfying (1) 
(01)3) = (0) an d (2) (•, -)| gi xgi = ~Bgi (here B>t denotes the Killing form of 
a Lie algebra t). 

Let X\, ■ ■ ■ , X n be an orthonormal basis of 0, such that {X\, ■ ■ ■ , X r } is 
a basis of 3. Set 

(5.1) = ^X i 2 ETrig(G)t. 

i 

Then f2 is independent of the choice of the orthonormal basis of and 
is central in Trig(G)'. (Normally, the element O is defined in the universal 
enveloping algebra U(g) of 0, but for our purposes it is sufficient regard its 
image in the associative algebra Trig(G)L) 

Let t be a maximal abelian subalgebra of 0i and let T = expt. Let 
also Ai,-- - ,X r be complex valued linear forms on 3 defined by Xj(Xi) = 
27r(-l) 1 / 2 (5i i j. Let P be a Weyl chamber of T. Let Ai, • • ■ , A; be defined by 

- aj j = Si j, where a±, ■ ■ ■ , ol\ are the simple roots relative to P and the 

H aj the corresponding vectors in t. To every 7 in the dual space G of G 
corresponds a unique element A 7 = J2 i n^Aj + ^ . rrijAj with the n{ integers 
and the rrij nonnegative integers. Set 

||7|| = sup{|A 7 (X)| : |LY|| = 1,X E P} 
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and 

hlli = Y.\ ni \ + Y. m r 

i j 

We let now tti = \i be the character of the group G associated to the 
highest weight Aj, % = , r; and let 7 j be the irreducible representation 
associated to the weight Aj, j = 1, • • ■ , I. 

Let S = {±Xi,7j,i = 1, • • • ,r, j = 1, • • • ,/}. It is well known that for two 
irreducible representations tt\,7Tm of G the tensor product representation 
7i"A®7TAf contains the representation tt^+m exactly once and all its irreducible 
components ttn satisfy the relation N < A + M, i.e., < N(X) < A(X) + 
M{X) for every X in the Weyl chamber (see [141 p. Ill])- Note that 
|| 7 || < IKH if Aj < A w and since ||-|| and [| - 1| -|_ are equivalent we have also 
IMIl < CIKIIi f° r some constant C. 

Therefore S generates G. This allows us to define the function ts on G 

(5.2) r 5 (vr) = k, if vr E S® k \ S®^. 

Now for any highest weight A 7 = Y2i n i^i + Y^j m iAj corresponding to 
the irreducible representation 7 of G we see that 

i j 

and 

7 ^ 5-®(ll7lli-i)_ 
This shows that we have the relation: 

(5.3) r s (7) = || 7 ||i,7€G. 

We shall work with the fundamental polynomial weight 

^5 = 1 + T S - 

Then for every power a (a £ M >0 ) the function uj a = uj^ is also a weight on 
G. We observe that if S and S' are both generating sets for G, then there are 
constants k\, &2 such that k\UJs < ^s' < ^2^5. For example, if k is such that 
S' C S® k , then Tgi < kr$ and hence u)g' < Axj,g. Hence A UJS (G) = A UJs/ (G). 

We know from |25} Lemma 5.6.4] (with the notations of that lemma) that 
for every 7 £ G 

(5.4) - 7 (fi) = «A 7 + p, A 7 + p) - (p, p))l Hi =: c( 7 )J 7 

where /? is half the sum of the positive roots of G related to the Weyl chamber 
of T. Then by |25} Lemma 5.6.6], there are positive constants c\,C2 such 
that 

(5.5) ci||7|| 2 < ci||7||i < c (t) < C2II7II 2 < C2II7II? 
and by |25} Lemma 5.6.7], the series 

(5-6) XX(l+ll7ll!)- 

-yeG 
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converges if s > ^tp-- Here d{G) denotes the the dimension of the group G. 

We say that function u : G — > C is 2n-times Q-differentiable if u G 
L^, 2n , (n G M >0 ). The space L^ 2n (G) coincides with the space 

{geL 2 (G):(l-nrgGL\G)}. 

In fact u is on the domain of the operator (1 — £l) n , since for every 7 G G 

7(0(u)) = -0(7)7(1*) 

and so by (|5.3p 

^d 7 (l + c( 7 )r||7(u)||| < ^c 2 dX n (7)ll7(^)lli 

7SG 76G 

<^ Cl d 7 (l + c(7)ri|7(«)llI. 

With some abuse of notation we write here j(f) instead of f(j) for / G 
L 2 (G) and 7 G G. 

Proposition 5.1. Let a > 0. Then Ll 2n (G) ci, a (G) t/ra > ^ + f . 

Proof. Using the Plancherel theorem, one can find an L 2 -function E m on G, 
such that 

^ )= (l + c(7))- ^ V7€e ' 
for all real m > ^r^. Then for 5 G L 2 (G), n > ^p- + | we have 

(5.7) ^ * (1 - ^) n 5 = 9- 

Since (1 — r2) n <? G L 2 (G) to see that g G it is enough to prove that 

E n £L 2 2 (G). By (UESJ we have 

and by (|5.6p the series is convergent if 2n — a > □ 



Definition 5.2. Let G be a compact Lie group. A weight u on G is said 
to have polynomial growth, if u) is bounded by u a for some a G M >0 , i.e. if 
u(tt) < C(l + T5(vr)) a ,7r G G (for some constant C > 0). 

If G is any compact group with a weight w on G then we say that u) is of 
polynomial growth if for every normal subgroup N such that G/N is a Lie 
group the restriction weight lo n has polynomial growth. 

Example 5.3. Let G be a connected compact group and let ui be the di- 
mension weight, i.e. uj{tt) = d n . Then oj is of polynomial growth. In fact, if 

N is a normal subgroup such that G/N is a Lie group, then for j £ G/N we 
have io N (-f) = w( 7 o q) = d 1 . Since by ([LSI), d 7 < C(l + ||7|| 1 )( d ( G! / JV )/ 2 )+ e 
for some e > and C > 0, and we can appeal to (j5.3|) . 
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Proposition 5.4. A polynomial weight u) on G is nonexponential and hence 
Gui = G. 

Proof. We assume first that G is a Lie group. Then since \\cr\\ l < Cn ||7r|| ^ 
for each a C 7r® n we have 



n ) l/n = sup u(a)< sup C(l + Wo-W^ 



for some constant C". 

Let G be an arbitrary compact group with polynomial weight on its dual 
space G. Take tt G G. Then G/ker(7r) is a Lie group. Let N = ker(-7r) and 
let 7r/v be the representation of Gj N on "H^ corresponding to 7r. We have 

o^tt®") 1 /" = w JV (vr®' 1 ) 1 / n . 

By the previous argument, linin—^oo 

w^^ji/n = i Xhat G w = G follows 
from Proposition 14. 19l □ 

We observe the following, which was also proved in |20j . 

Corollary 5.5. Let G be a compact group and letuj be the dimension weight. 
Then G w = G. 

Proof. Follows from Example 15.31 and Proposition 15.41 □ 

Proposition 5.6. Let G be a compact Lie group, let oj be a symmetric 
weight such that a = inf^ g g ^{j) 1 ' > 1- Then G w ^ G. 

Proof. Let X\ , • • • , X n and £1 be as in (I5.ip . Since each Xj is skew-Hermitian 
we have from (|5.4p that < — j(Xi) 2 < c(7)J 7 for any 7 G G. Moreover, 
there exists 7 G G such that 7(X n ) 7^ 0. Set = expiAX n . Then, as in 
Proposition 12.11 we have 9 G Gjjt. Since i7r(X n ) < c(ir) 1 / 2 L 7Tn < c\\ir\\ 1 L 7Tn 
(the last inequality is due to (|5.5p ). we have for ir G G that 

||7r(0)|| op < ||expzA7r(X w )|| op " Ac|kl| i 



w(7r) alKlli alWIi 

for each 7r G G. Taking now A such that e Ac < a we obtain that l|7r(e)l l° p < 1, 
and hence 6 G G w \ G. □ 

A smooth functional calculus and regularity of A LJ (G). 

Definition 5.7. For ir G G denote by x?r the normalized character of tt i.e. 

Xtt(s) = d 7r Tr(n(s)), s G G. 
Then we have for any <r G G 

ifo-^vr 



/tt if a = 7r. 
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Let Qu denote the linear operator on Trig(G) denned by 

Qu(u) = ^2 V^MXn *u,ue Trig(G), 
G 

and let be its inverse: 

Roj{u) = r^- Xn*u,u G Trig(G). 

Then we can extend the linear operator (resp. R w ) to an isometry 
Q u : Ll(G) -> L 2 (G) (resp. : L 2 (G) -> L 2 J (G)) and for £ G L 2 (G) we 
have that 

£€2£(G)«»Q W (0€L 2 (G). 

and 

lkl| 2fW = ||0„(0ll2- 

We can consider Q w (resp. as a convolution operator with the central 
distribution q w = ^„. g g \/ a; ( 7r )^ 7r ( res P- with the central distribution r w = 
X^gg — L==X7r) and we shall write Q w and as convolution operators and 
then 

* u = u * Qu, Ruj*u = u* Ru, u G Trig(G). 



For a real number a, let [a] be the entire value of a and let d(G) denote 
the dimension of the group G. Let for a > 

~d(G) 



(5.8) 



r(G,a) 



+ a 



+ 1. 



The following theorem is an adaptation of Theorem 3.1 in |19j . 

Theorem 5.8. Let G be a connected compact Lie group, let to < cujg be a 
symmetric polynomial weight on G and let u = u be a self-adjoint element 
of A{G) r (G,a) ■ Then there exists a positive constant C = C(u) such that 



(5.9) V tu \\ Aui {G) < C(l + \t\) d ^/ 2+a ,t G R. 

Proof. By (|5.5p and (|5.6|) . we know that 

d(G) 



(5.10) 



4 



7£G 



(1 + C( 7 ))' 



< oo, Vs > 



Take iV G N* and let 



G N = { 7 eG; || 7 || < N}. 



Take an L 2 -function EL on G, such that 



1 



(l + c( 7 ))» 



r J 7 , V 7 G G, 
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d(G) 
4 • 

(5.11) E m * (1 - 0) m g = g 



for all real m > -4 ■ We have 



for every g G L^ 2 on G. Denote also by Fj\f the element in L 2 (G), for which 

7(F/v) = J 7 , V7 G Gat, 7(i ? /v) = otherwise, 
and by -Em, at the element in L 2 (G), for which 

j{E m ,N) = 7{E m ),V^ G" Gat, ^y(E mtN ) = otherwise. 
Write now gt for e ltu , t G M. We decompose (74 into 

5t = a t,iV + bt,N j 
where o^at and 6 tj 7v are defined by 

l{at,N) = l{gt)^l G Gat, j(a t ,N) = otherwise, 

7(&t,Jv) = 0,V7 G Gat, 7(6*,^) = 7(5*) otherwise. 

Then a^Ar is a G°°-vector and so bt, n = 9t~ a t,N is of class r(G, a). By the 
definition of -F/v, we have that 

Fn * <h,N = a t,N = FN * Quj * Rw * Ot,JV- 
Hence, by Proposition 13.41 

II^-wHa^G) - W F N * Quh,u>\\Ru! * <H,n\\2^/ < ||-PV||2,w 2 ll5t||2 
< ll-^/vlk^lMU^G)- 

Now, by [251 proof of 5.6.7], if we set n = d(G) for simplicity, we have 



\\Fn\\1^ = £ o; 2 ( 7 )4 
||7||<Ar 

JV 

< c 3 iV 2Q ^i (n ^" r) (2r + l)(2j + l^'" 1 ) 



j=0 
N 

< c 4 N 2a ^ j n_1 < c 5 N n+2a . 

j=0 

Hence, since u is a continuous real-valued function, we have that gt = 
e itu e L°°(G), t G E, and ||gt||oo = 1 and w e see that 

\\at, N \\A u (G) < GA^— +a 
for a certain constant G > 0. Now for the norm of the element bt t N we get> 
using (|5.1ip for g = bt.N and m = §([ ;j ] + ^) (which is easily checked to 
be strictly larger than ^p-), 

E m *{i- n) m b ttN = E m:N * (1 - n) m gt 
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and so 

ll b t,Ar|U w (G) = \\Em,N * (1 - ^) m S , <IU„(G) 

= \\Qu,*E miN *R u; *(l-n) m g t \\ ALj{G) 

< \\Em,Nh^\\0--^) m gth. 

The arguments in |19} Proof of Theorem 3.1] give the following estimate: 

\\(l-n) m g t \\ 2 <C(l + \t\ 2m ),t€R, 
for some constant C > and for all m G |N. 

Therefore we get the following estimate of the A aJ (G)-norm of bt t N- for 
t G M, 



1/2 

2m 



, x dlojh) 2 . 



< g 3 * +2a (i + i*i) 2m 

AT 2m 2— 

Hence, if we let N to be the smallest integer > \t\ we obtain 



itu I 



A W (G) < H a *,iv|Uu,(G) + ll fe t,iv|U w (G) 

< 2(1 + | t |)(d(G)/2)+a + + |^( d (G)/2)+a 

for a new constant C > 0. □ 

Theorem 5.9. Let G be a connected compact group and let uj be a polyno- 
mial weight on G. Then A W {G) is a regular Banach algebra. 

Proof. Let E, F be two closed subsets of G such that E n F = 0. We must 
find an element v G such that d = on J? and ?) = 1 on F. Since 

G is connected, we can find a normal subgroup iV of G, such that G/N is a 
Lie group and such that EN n FiV = 0. Hence, since A w n{G/N) C A^G) 
we can assume that G is a connected compact Lie group. The algebra 
Trig(G) is uniformly dense in C{G). Hence there exists a trigonometric 
polynomial u on G, such that u = u and such that < j^, x G E and 

u{y) > jQ,y G F. We apply now the functional calculus of C k functions to u. 
Choose a function ip : R — ?■ R with compact support of class C'( rf ( G ')/ 2 )+ Q! + 2 i 
vanishing on the interval [— and taking the value 1 on the interval 

i§]. Then the integral 

r (p(t)e 27Titu dt 
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converges in A W (G) by Theorem 15.81 and v has the property that 

v{x) = [ £(t)e 2nitu(x) dt = <p(u(a)) = 0,x G E, 
Jr 

v(y)= [ 0(t)e 2 ™ tu Mdt = <p( U (y)) = l,yeF. 
Jr 

□ 

6. Spectral synthesis 

Let A be a semisimple, regular, commutative Banach algebra with X A as 
spectrum; for any a £ A we shall denote then by a G Cq(X a ) its Gelfand 
transform. Let also E C Xa be a closed subset. We then denote by 

I A {E) = {a G A | a _1 (0) contains £}, 

jo = { a £ A | a _1 (0) contains a nbhd of £} and J A (E) = J° A {E). 

It is known that Ia(E) and Ja{E) are the largest and the smallest closed 
ideals with E as hull, i.e., if I is a closed ideal such that {x G X A ■ f{x) = 
for all / G 1} = E then 

J A (E) C I C I A (E). 

We say that E is a set o/ spectral synthesis for ^4 if Ja(E) = Ia(E) and of 
weafc synthesis if the quotient algebra Ia(E)/ Ja(E) is nilpotent (see [26]). 

Let A* be the dual of A. For a G A we set supp(a) = {x G : d(x) 7^ 0} 
and null(a) = {x G : a(x) = 0}. For r G A* and a G A define ar in A* 
by ar(fe) = r(ab) and define the support of r by 

supp(r) = {x G : ar 7^ whenever a{x) 7^ 0}. 

It is known that supp(r) consists of all x G Xa such that for any neighbour- 
hood U of x there exists a £ A for which supp(a) C U and r(a) 7^ 0. Then, 
for a closed set E C X4 

Ja(E) 1 - = {t G A* : supp(r) C £} 

and -E 1 is spectral for yl if and only if r(a) =0 for any a £ A and r G A* 
such that supp(r) C E C null(a). 

We say that f £ A admits spectral synthesis if / G JA( nm l(/))- 
Let G be a Lie group, w be a symmetric weight on G of polynomial 
growth and let A U (G) be the corresponding Beurling- Fourier algebra. Then 
Xa u (g) = G by Proposition 15. 4| and A L0 (G) is a semisimple regular commu- 
tative Banach algebra of functions on G by Theorem 15.91 and Theorem 14.21 
In what follows we write Iu{E) for I A i G -\{E) and J U (E) for J Au (a){E). Let 
T>(G) be the space of smooth functions on G. For a closed subset E of G, 
we denote by Jx>(E) the space of all elements of T>(G) vanishing on E. Note 
that V(G) C AJG) by virtue of Proposition O 

Smooth synthesis. 
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Definition 6.1. The closed subset E of G is said to be of smooth synthesis 
for Au(G) if JpPO = I U (E). 

The proof of the next theorem is similar to one of [19\ Theorem 4.3]. 

Theorem 6.2. Let G be a Lie group of dimension n. Let M be a smooth 
submanifold of dimension m < n and let E be a compact subset of M . Let 
uj be a bounded weight on G such that oo < Cujg for some C, a > 0. Then 

ME) [ ^ ]+l = UE). 

Proof. As J W {E) is the smallest closed ideal whose null set is E, in order to 
prove the statement it is enough to see that Jx>(E)^~ +a ^ +1 C J U] {E). Let / G 
Jx>(E). We note first that denoting by pit) the right translation by t we have 
that the mapping t h-» p{t)f G A U {G) is G°°. In fact, since for m > + 2, 
we have E m G L^ 2 (G) and f = E m *g, where g = ((1 - fi)" 1 /)" G V{G). 
Hence, for t G G, we have that 

£ , m (n)5((t~ 1 x~ 1 ti)du 

£ , m (n)A(t)5(x _1 u)(iti 

= E m *{\{t)g)\x). 

This shows that the mapping t \— > p(t)f from G to the Banach space A^G) 
is smooth. 

For < e < \\f\\oo let 



and 



W £ = {xeG:\\p(x)f-f\\ Au(G) <e} 



n e = {xGG:\\p(x)f-f\\ 00 <e}. 
If A = inf 7rg gw(vr) then by (J3HJ 

w e c n s/x . 

Since the mapping g \-t p(g)f G ^4 W (G) is C°°, there exists a constant 
K > 0, an open neighbourhood W of in the Lie algebra pj of G, such that 

IKexp^Z-ZIU^^iqAl 

for every X G and some fixed norm || • || on g. Let for e > 0, V e = expB e , 
where B e denotes the ball of radius ^ of center in g. There exist constants 
Gi > G2 > such that for every e > 

Gie™ > IFJ > C 2 e n 
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and V £ C W £ C Q £ /a- I n particular, for every x = xqv G EV £ , xq G E, 
v G V £ , we have that /(xo) = since / G Jv{E) and therefore 

|/(x)| = |/(x t;)| 

< |/(z t;)-/(so)| + |/(so)| 
= \(p(v)f - f)(x )\ 

< ||(^(«)/-/)||oo<^- 1 - 

Hence 

(6.1) < 



Let v = f[~ +a ^ +1 on EV £ and i/ = elsewhere. Take a nonnegative 
function b(X) G C£°(fl) supported in Bi and let 6 e (X) = b(X/e), X G g. 
Set it(x) = C6 £ (logx), where C is a constant such that j G u(x)dx = 1. Then 
supp(u) C V £ . Since 

Nk^ = E^(7) 2 ||n(7)ll^<C^d 7 (l + C ( 7 )r||n( 7 )||2 

= c Emilia ^r'^mi = cn(i - ^nii^ 

we have u G L^ 2 (G) and Hitlk^ behaves like £-' a / 2 ~ a if a /2 is an integer, 
i.e., 

||(1 - Sl) m u\\l = + c(vr)) 2m H^tt)!! 2 ^ < C m e-"- 4m 

TTgG 

for some constant C m depending on non-negative integer m. 
This gives 

J> 2 (1 + <ir))) 2m \\u(n)\\ 2 2 d n < C m e~ n . 

ttGG 



30 



JEAN LUDWIG, NICO SPRONK AND LYUDMILA TUROWSKA 



Let a > be arbitrary. Then for nonnegative integers I, m such that 
21 < a < 2m we have 



_2q 



(1 - n)°/ 2 u 



ttGG 

£ (£ 2 (l + C (vr))nK^)||^^ 

7r:e 2 (l+c(7r))<l 

+ £ (£ 2 (l + C (vr))nK^)|| 2 ^ 

7r:e 2 (l+c(7r))>l 

< 5^(e 2 (l + c(tt))) 21 ||fi(*)lla4r 

TreG 

+ ^(e 2 (l + c(vr))) 2m ||^)|| 2 ^ 

TreG 

< C^"" + C m e- n < Cs~ n , 



and hence 



(i - n) a ' 2 u 



Ce 



-n—2a 



for some C > 0. 

Consider now the function 



+Q ] +1 - I/) * u(s) = / (/[f+ a l +1 -i/)(st)u(t)dt. 
Jg 



By Proposition 13.41 99 G and yj(s) = if s • supp(u) C EV e . As 

-E C {s : s • supp(u) C EV £ } and the set {s : s ■ supp(-u) C EV £ } is open, 
supp(</?) is disjoint from E and therefore (p S J UJ {E). We have 

/[? +«]+! _ = (/ [f +«]+! _ /[? +«]+! * u) + Z, * U. 

As supp(u) C7 E C W £ , and ||/It - p(x)f^ +al+1 |U„(G) < for all 
x £ W £ and some constant K = K{m) > which is independent of e, it 
follows that 



\\0 +a]+1 -f [ > — *«IU W (G) 

(/^ +Q i +i -p(x)/[T+-]+i)^)^m w(G) 



-a]+l 



(V 



< / \\f^+ 1 -p(x)f^ +1 \\ Ai){G) u(x)dx<Ke. 
Jg 
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We have also \\v * u\\a u (g) ^ 1Mb ■ ll^lb,^ 2 - As IMh.^ 2 < C\e\~ n l 2 ~ a for 
some constant C, we obtain 

dist(/[f+"l+\ J A {E)) < H/If ^| Uw(f?) 

< Ke + Ce~ n / 2 ~ a (^j \f^+^ +1 (x)\ 2 dxY * 

< Ke + Ce~ n l 2 - a sup +a I +1 (x)||^ B | 1 / 2 

x£EV e 

n/2— a 

< Ke + c £ —- — e[f+«]+i|fy e |V2. 

C7 2 1/2 

The following estimation of |-EV^| was obtained in |19j : for every small 
e > 

|W e | = Ce n ~ m . 
Hence, for e > small enough, 

dist(f^ + ^ + \JUE)) < Ke + C'e-^^e^+^e^-^/ 2 

= K£ + C "e^ + ^ +1 - m / 2 - a 

for a new constant C" which does not depend on e. Thus g J U {E). 

It follows now from standard arguments that Jt>(E)^~ +a ^ +1 C J U (E). 

□ 

Corollary 6.3. Let E be a compact subset of a smooth m— dimensional sub- 
manifold of the Lie group G. If E is a set of smooth synthesis, then E is of 
weak synthesis with I u {E)^ m / 2+ ^ +1 = J U (E). 

The following corollary is a generalization of the Beurling- Pollard theorem 
for A(T) (see and for its weighted analog A UJ (T n ), where w is a weight 
on Z n defined by u(k) = (1 + |A;|) a for a > (see [22J). 

Corollary 6.4. Let E be a compact subset of a smooth m- dimensional sub- 
manifold of the Lie group G. Suppose that f £ A UJ (G) satisfies the condition 

(6.2) |/(x)| < Kmf{\\X\\ : X € g,xexp(-X) € E} r 

for some fixed norm \\ ■ \\ on q and K > 0. Then f admits spectral synthesis 
for A U] {G) if r > m/2 + a. 



Proof. If / satisfies <\6.2h then / vanishes on E. Let V £ = exp B e , where B £ is 
the ball of radius e of center in q. Let v = f on EV e and v = elsewhere 
and let u(x) = u e (x) £ D(G) be family of functions from the proof of 
Theorem 16.21 such that u e (x) > 0, J G u £ (x)dx = 1 and supp(u e ) C V E . Using 
arguments in the proof of Theorem 16.21 we can see that ip e = (/ — v) * u E E 
J U {E) C J w (null(/)), / = ip £ + (/ - / * u £ ) + v * u e and 

lim ||/ - <Ps\\ AuiG) = Jim \\v * u E \\ Aw{G) 
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while 



\u * u 



< £ -™/2-a gup \f( x )\\EV e \ 1/2 < C£ -n/2-a £ r £ n/2- m /2^ 



x£EV s 

Hence if r > m/2 + a, then lim e _>o ||/ — yelU w (G) = ^ anc ^ hence / G 
ME) C J w (nuU(/)). '' □ 

Theorem 6.5. Let G be a Lie group and lo be a bounded weight on G 
such that oj < Cojg for some C , a > 0. Let B be a group of affine trans- 
formations of G which preserves A U {G), i.e. u(b{x)) G A U (G) for each 
u(x) G A LJ {G) and each b G B. Let O C G be a closed m- dimensional B- 
orbit in G. Then O is a set of smooth synthesis and hence of weak synthesis 
with 7 u (O)[ m / 2+0, ] +1 = JUO). 

Proof. The proof repeats the arguments of the proof of [19, Theorem 4.8 and 
Corollary 4.9], the affine transformations of G (see |19| for the definition) 
are assumed to preserve the algebra A U {G). □ 

Corollary 6.6. Let G be a Lie group and oj be a symmetric weight on G. 

(i) If oj < Cojg for some C , < a < 1 then each one-point set is a set of 
spectral synthesis for A UJ (G). 

(ii) If oj > Cojg for some C, a > 1 then no one-point set is a set of 
spectral synthesis for A W (G) 

Proof. Thanks to Proposition 13.3} it is enough to prove the statements for 
the set {e}, where e is the identity element in G. 

(i) We first note that {e} is a 0-dimensional set of smooth synthesis. 
Indeed, T>(G) is dense in A U] {G) and hence for u G I w ({e}) there exists a 
sequence {u n } C T>(G) which converges to u. Letting u' n = u n — u n (e) we 
have u' n G Jv({e} and ||u - u' n \\ Au{G) < \\u - u n \\ Aw(G) + \\u n (e) - u^e)^ < 



2\\u — u n \\ Au , G y Hence it follows form Theorem 16.21 that 

U{e}) = M{e}) = Jv({e})^ = U{e}). 

Alternatively, we note that {e} is an orbit under the group B = {s i— > 
tst^ 1 } of inner automorphisms, and we can appeal directly to Theorem 16.51 

(ii) Assume now a > 1. Let Xi, . . . ,X n and Q be as in (15. ID . Then for 
7r G G we have by virtue of (I5.4p . and the fact that each Xi is skew-hermitian, 
that 

IkWIlop < c (i + c( 7 r)) 1 / 2 < (l + iKy < c „ 

oj(tt) ~ (l + llvrl^) - (1 + W^) 01 ~ 
for some constants C,C',C", and hence Xi G A U (G)*. Thus g C A U) (G), 
where each element of g defines a bounded point derivation at e. We note 
for each non-zero X in g, I w ({e}) <f. ker(A) (indeed Jx>({e}) ker(X)), but 
^({e}) 2 C ker(A). Hence /^({e}) 2 C I u ({e}). □ 

Remark 6.7. (1) Corollary 16.61 is a generalization of the result about spec- 
tral synthesis of one-point sets for A u (J£ n ), where oj is the weight on Z n 
defined by oj(k) = (1 + \k\) a (see [HI Ch.6.3]). 
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(2) For the dimension weight uj(tt) = d n = us (S = {tti}) on G = SU(2), 
the failure of spectral synthesis for A UJ (G) at {e} was noted in pj. 

Operator synthesis and spectral synthesis for A U1 (G). We let, again 
G denote a compact group and w be a bounded weight. For a function 
u G A U! (G) and t, s G G define 

(Nu)(s,t) = uist' 1 ). 

Consider the projective tensor product L^(G)<8>L^(G). Every \& = /j® 
gi G Lu(G)®Ll,(G) can be identified with a function f :GxG->C which 
admits a representation 

oo 
i=l 

Si II /ill 2 a; ' ll^i II 2 w < 00 • Such a representation defines a function marginally 
almost everywhere (m.a.e), i.e. two functions which coincide everywhere 
apart a marginally null set are identified. Recall that a subset E C G x G 
is marginally null \{ E C (M xG)U(GxjV) and m(M) = m(G) = 0, where 
m is the Haar measure on G. 

Proposition 6.8. Nu G Ll{G)®L 2 w {G). 

Proof. Using the Fourier inversion formula we have 

Nu(s,t) = Tr(7r(s)7r(^ 1 )u(7r))d 7r . 

TreG 

Let {ej : i = 1, . . . d n } be an orthonormal basis in H w . Consider for each 
7r G G the polar decomposition u(ir) = V(ir)\u(ir)\. Then 

Nu(s,t) = ^£(|«W| 1 ^WefJflW| 1 / a V'(7r)*7r(0er)d ff 

vrgG i=1 

Let 

<PW = {\u(*)\ ll Ms)el,e*)d l J 2 

and 

^ i (t) = ( e J,|u(7r)| 1 /V(7r)*7r(t)er)4/ 2 . 
In order to show the statement we have to prove that 

E E MAh < 00 and EE IKilli < °°- 

ttGG^ 1 TreG*'^ 1 
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Using the orthogonality property of matrix coefficients one can see that 



Hence 



|2 \ ^ II ^7r / \ 7T 1 1 2 



and 



giving 



k=l k,l=l 



k=i 

= ^E( e ^I^WI 1/2 4)(I^WI 1/2 4'4) 

k=l 

= J-(|fiW|eJ,eJ) 



1^-11^ =«W(|fiW|eJ,eJ) 



EE ML, = EE-wwi^O 

= ^c^w(ir) ||^fc(7r) Hi = IML W (G) 

7T 

Similar arguments shows that 

^ 2 
E E IKjIku, = II U H^(G) • 

The statement is proved. 



□ 



Let H = L^(G). Then the projective tensor product H(&H can be identi- 
fied with the trace class operators on H. The space C(H) of linear bounded 
operators on H is a dual space of H®H with the duality given by 

(T,f®g) = (Tf,g). 

Let T G Define a linear bounded operator S(T) on by 

S(T)f(ir) = ^j^f(Tr)ir(T), where tt is the conjugate representation. Since 

su P.eG lj] Wr < °°' 5 < T ) is bo^d- 
Lemma 6.9. Lei it G A^G), T G A^G)*. T/ien 

(T,n) = (5(T),iVn). 



BEURLING- FOURIER ALGEBRAS 35 

Proof. It is enough to show the statement for a matrix coefficient u(t) = 
(ir(t)ej , ej) =: cjj, where {ej , i = 1, . . . d n } is an orthonormal basis in rl n - 
We have (T,u) = (T^e^eJ). 

Nu(s,t) = uist- 1 ) = (TT^^ef^^-^eJ) = 5>( a )e£,eJ)«,7r(t)e2). 

fc=i 

Hence 

(5(T),J\Tu) = £(S(T)c^,< fe ) =^^d p TV(c^(p)T p c^( P r). 

fe=l fc=lpgG 
Since (cj fc (p)e^, ef) = ■^8- Kp 8 k i8 jm and 



we have 



E4(T)^W(/) = r(/' e i) £ ? 
fc=i ^ 



(S(T),Nu) = (r ff ef,ej). 



□ 



Let E c G. We set 

£* = {( S) i) eGxG: st" 1 G £}. 

Definition 6.10. If 5 1 G £(L^(G)),we define the support of 5 (written 
supp^S)) as the set of all points (s,t) £ G x G with the following property: 
for any neighbourhoods U o£ s, V of i, there are /, g in L^(G) such that 
supp(/) C V, supp(fl) C U and (5/,s) ^ 0. 

Lemma 6.11. Let T G T/ien supp c {S{T)) C supp{T)* . 

Proof. The proof is similar to one given in [231 Theorem 4.6] , we include it for 
the completeness. It follows from the definition that (S(T)f,g) = {T, f * g) 
for /, g G Ll(G), where g(s) = £/(s _1 ). 

If (s,t) G supp £ (5(T)) but st' 1 supp(T)*, find neighbourhoods C/ 
of s and V of t such that UV^ 1 n W = 0, where is a neighbourhood of 
supp(T), and then take /, 5 G L^(G) supported in £/ and V respectively and 
(S(T)f,g) / 0. As (S(T)f,g) = (T,u), where u = f*~g, supp(n) C W 31 , 
so u vanishes in a neighbourhood of supp(T) and hence (T, u) = giving a 
contradiction. □ 

Proposition 6.12. lei S 6e an operator on L^(G) and let E, F C G be 
closed. Then if E x F is disjoint from suppjr(S) then (Sf,g) = for any f, 
g G L^{G) supported in F and E respectively. 

Proof. The proof is similar to [TJ Proposition 2.2.5]. □ 
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Definition 6.13. We say that E C G x G is a set of operator synthe- 
sis with respect to the weight to if (S,F) for any S E C(L^(G)) and F G 
Lt{G)®L*(G) with supp c T C E and F\ E = m.a.e. 

Proposition 6.14. Let E C G be closed. If E* is a set of operator synthesis 
with respect to a weight u on G then E is a set of spectral synthesis for 
AUG). 

Proof. Let T G A UJ (G)*, u G A 0J (G) such that supp T C E C nullu. Then 
Nu = on E* and by Lemma 16.111 supp r(S(T) C E*. The statement now 
follows from the equality (T,u) = (S(T), Nu) which is due to Lemma 16.91 

□ 

Corollary 6.15. Let G be a compact Lie group and let D = {(x, x) : x G G}. 
If oj is a symmetric polynomial weight on G such that oj > Cujg for some 
C > 0, a > 1 then D is not of operator synthesis with respect to the weight 
to. 

Proof. If E = {e} then E* = D. The statement now follows from Corol- 
lary 16.61 and Proposition 16.141 □ 
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